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Kernel Density Estimation is a powerful tool that can be used to extract information about the underlying plumbing system
in zones of distributed volcanism. Different approaches concerning the form in which this tool should be applied, however,
exist on the literature. One of those approaches sustains that an unbiased selection of a parameter known as the bandwidth
is preferable to other alternatives because it reduces biases on the analysis. Nevertheless, there are more than 30 different
forms in which a bandwidth can be “objectively” selected, therefore questioning the meaning of “objectivity” on the selection
of a method used for its calculation. Furthermore, as shown in this work, the range of allowed “objective” choices of the
bandwidth is not much different from a typical range that could be selected subjectively. Consequently, instead of focusing
on the question of “what is the best method?” it is shown here that a more informative approach is to focus on the questions
of “what are the special values of different methods, and what are their several advantageous applicabilities?”. The benefits
of this shift in approach are illustrated with application to three locations of volcanic interest that have a previously well-
constrained volcanic structure.
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1 INTRODUCTION

Statistics and probability are two separate branches of mathematics useful to analyze the relative frequency of events. Statistics
involves the description and analysis of the frequency of past events attempting to make sense of observations in the real world,
whereas probability deals with predictions concerning the likelihood of future events through the examination of the consequences of
mathematical definitions that are issued independently of the real world (Skiena, 2003). When applied to spatial data (i.e., data that
can be drawn in a map) statistics includes the generation of summaries describing spatial patterns and can be extended to comparisons
between those summaries and expectations raised by theories of how the identified spatial patterns formed (Ripley, 1981). Any attempt
to forecasting the spatial location and timing of future events should be considered part of a probabilistic approach. If the objects of
interest are volcanic vents, studies involving their spatial distribution can therefore have either a statistical or a probabilistic orientation,
depending on the emphasis made on the forecasting component.

There is a vast literature discussing several probability aspects that may produce variable and mutually inconsistent hazard and risk
estimates in both seismic and volcanic contexts (e.g., Bernreuter et al., 1988; Marzocchi et al., 2008; Neri et al., 2008; Marzocchi and
Bebbington, 2012; Marzocchi and Jordan, 2014; Ake et al., 2018; Bevilacqua et al., 2018; Selva et al., 2019; Marzocchi et al., 2021).
Works with a more pronounced statistical approach, however, are not as common (Richardson et al., 2012; Cafion-Tapia, 2014;
CafonTapia and Mendoza-Borunda, 2014; Delcamp et al., 2019; JacoboBojorquez and Cafion-Tapia, 2020; Cafidén-Tapia, 2021b). It
must be remarked that the difference made here between the probabilistic and statistic reports is based on the purpose of the study
rather than on the tools used for the presentation of data. This might seem confusing at first because some studies use what would
seem to be a statistical tool to assess the hazard of a future eruption (Connor, 1987; Connor and Hill, 1995; Condit and Connor, 1996;
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Conway et al., 1998; Weller et al., 2006; Jaquet et al., 2008; Connor and Connor, 2009; Kiyosugi et al., 2009; Bebbington and Cronin,
2011; Bebbington, 2015; Connor et al., 2019). Nevertheless, the use of a statistical description within a probabilistic framework is not
uncommon, and sometimes is referred by the name of “statistical inference” (DeGroot and Schervish, 2012).

Distinction between the probabilistic and statistic approaches outlined above is important for several reasons, particularly when
examining the literature aimed to characterize the spatial distribution of volcanic vents. Motivations for the study of vent distribution
in volcanic fields aim to increase our understanding of a wide variety of aspects. To mention but a few those aspects include the
relationship existing between polygenetic and monogenetic edifices, geochemical complexities that might arise within a field, the
distinction between volcanic events and volcanic edifices, the role played by temporal gaps on volcanic activity or even issues related
with the very definition of what is a volcanic field. Readers interested in those particular issues are referred to the works by Valentine
and Gregg (2008), Szakacs and Cafion-Tapia (2010), Kereszturi and Németh, 2013, Németh and Kereszturi, 2015, Cafion-Tapia
(2016), and references therein. Underlying all of those issues at the most general level, the statistical approach aims to present a
description of the data (e.g., already existing and identifiable volcanic vents) in such a form that some hypothesis concerning the
physical structure leading to the observed distribution can be formulated. In contrast, the probabilistic approach focuses on the
identification of the site and time with a larger likelihood for the occurrence of a future event. At a more subtle level, the assumptions
made by either a statistically- or a probabilistically-oriented interpretation are also contrastingly different. The statistical interpretation
should include assessment of the physical conditions favoring the formation of two or more vents during a single eruption, the
orientation of tabular conduits that transport magma to the surface and their relationship with the prevailing stress orientation at the
time, the possible shift of location of magma reservoirs, etc. A recent review of these topics, and relevant references are provided by
CafionTapia (2021a) and Rivalta et al. (2019). In contrast, a probabilistic or statistical-inference interpretation includes assumptions
concerning the type of underlying distribution (Uniform, Clustered, Poisson, etc.), but most importantly it makes assumptions about
the equality of likelihood of each outcome (past, present and future) and the continuity of the preferred mathematical distribution both
in space and time to validate the interpretations of analysis with respect to a single underlying probabilistic model. Identification of
the most basic underlying assumptions in many works, however, are not explicitly discussed. Consequently, it is not surprising that
although much effort has been made to characterize vent distribution, it has not been possible to reach a consensus about the
methodological approach that guarantees extraction of the larger amount of reliable information from a given set of vents, or even
about the type of information that can be obtained under all circumstances.

Failure in understanding the differences between various methodological approaches might result in a negative influence on the
scientific and technical acceptability of models which ultimately is detrimental for the advance of scientific knowledge in general.
From a practical point of view, the mentioned failure might result in rejection of works submitted to scientific journals on the grounds
of alleged errors, ignorance about the method, or indulgence on bespoken methods that produce what the author wants to see. Such
statements are difficult to discuss in a formal context because most journals nowadays do not accept the inclusion of references to
personal communications or to unpublished works. Nevertheless, those comments play an important role in shaping the evolution of
scientific knowledge because acritical acceptance of such statements by some editors leads to rejections of works that are based on
alternative methodologies and eliminate the possibility of having a truly open discussion on those subjects. At the end, acceptance of
those criticisms followed by rejection of the papers that present alternative methodologies results in the propagation of unilateral
points of view that may not have factual support in every circumstance. Although such extreme situations are not the rule across the
scientific literature, it is in the best interest of science to reduce the occurrence of such events. This goal can be reached by keeping an
open mind capable to work with multiple hypothesis and multiple methodologies to enrich the outcome of scientific enquiry in the
most general terms. In addition, it is important to assist the geoscience community to grasp the fundamental aspects of different
families of methods developed within theoretical statistics providing landmarks that can be used to assess the possible merits and
faults of various works beyond personal opinions.

In this work | focus attention on several aspects of Kernel Density Estimation (KDE) in a volcanic context. Among others, KDE
has been used with forecasting purposes in seismology by Frankel (1995) and Hiemer et al. (2014) and in a volcanic context by Connor
etal. (2019). Nevertheless, aspects of KDE that have not been treated in detail include: a) the definition of the function used to estimate
the probability-density of the data, b) fulfillment in the volcanic context (i.e., the physical world) of the conditions imposed when
establishing that function, and c) the possible interpretations of that function in connection with the physical world. Although those
issues have been discussed in the natural hazard literature (see references listed above) it would seem that the most fundamental
aspects of those issues have not been assimilated by the community at large. Thus, in order to make accessible all of this information
to the widest possible audience, the presentation in this work leans towards a more colloquial style. In addition, because the intention
of this work is not to finger point any particular work that was produced by adopting alternative approaches than those described below
(that judgement is better left to each reader), there are sections of the text that are presented without providing specific references,
although the most relevant references are provided in masse. Despite these characteristics, by clarifying here many aspects of KDE
that have not been addressed before in the context of the spatial distribution of volcanic vents, it is hoped that the community will
have more elements than currently available to make better judgements concerning the conclusions that have been reached whenever
this type of methodology has been employed. More importantly, by facilitating comprehension of the several aspects of this method



discussed below, it is hoped that not only others might be encouraged to use this powerful tool, but a wider diversity of hypothesis
can be generated and tested, ultimately contributing to the better understanding of volcanic systems in general.

2 FROM KDE THEORY TO VOLCANIC REALITY

This section presents arguments showing that the most common situations of volcanic interest are likely to involve observations that
may not satisfy the assumptions for which KDE was conceived. Aspects examined include the definition of KDE, its interpretation in
the context of the physical origin of volcanic vents, and the contrast between the idealized theoretical scenario with the conditions
imposed by the real world in volcanic contexts.

2.1 What is Kernel Density Estimation?

KDE encompasses a variety of non-parametric procedures to estimate probability density functions (PDF) associated with a random
variable. Despite its name, PDF is a fundamental concept in statistics as defined above (i.e., with no intentions to produce a forecasting
of the likelihood of future events). Nevertheless, the normalization of the area beneath that function, inherent to its definition, facilitates
its use in statistic-inference realms. In any case, it is important to remark that KDE theory was developed within a statistical context
in mind.

Specifically, KDE was developed as a tool for the informal investigation of properties such as skewness and multimodality of the
data (Silverman, 1986). As first introduced by Rosenblatt (1956), given a set of N independent observations (x1, x2, x3, ... xN), all of
which are associated with the same PDF, it is postulated that each of those observations contributes to the definition of a common
distribution which can have multiple modes. Thus, in the statistical literature it is common to read that a nonparametric estimator of

the PDF can be obtained by evaluating: f*(x) _1 X _Xi (1)
Nh 1 h

at every appropriate value of x. Ironically, the “non-parametric” definition of fA includes the parameter h which exerts a strong influence

on the calculated PDF. To avoid unnecessary confusion, it is therefore necessary to be aware that the “non-parametric” aspect of fA
that is alluded in the statistical literature is related to the fact that each PDF calculated with Eq. 1 is obtained without the need to make
specific assumptions about parameters such as “mean”, “standard deviation” or “variance”, which are attached to any statistical
distribution. The absence of such parameters in Eq. 1 can be verified by noting the fact that on its right hand side we only have the
symbols x, K( ), Xi, N and h, none of which represents the mentioned statistical parameters. Indeed, x is one point along a line, one point
in a plane, one point in 3-D space, etc. K( ) is a function that needs to satisfy some conditions of continuity, derivability and symmetry,
Xi, represents one of the N observations, and h is a different parameter known as the “bandwidth”, “smoothing factor” or “window
width”. Furthermore, although it is possible to select K( ) from a wide selection of mathematical functions (common options include
Gaussian, Epanechnikov, rectangular, uniform, etc.), all of which satisfy the conditions of continuity, derivability and symmetry, none
of those options includes “mean”, “standard deviation” or “variance” as explicit parameters.

Having established the intended meaning of the “nonparametric” adjective when applied to equation 1, it is important to also note
that the specific form of K () may lead to some differences in the results. The influence of this selection, however, is not as large as
the influence exerted by the parameter h (Canon-Tapia, 2013). Therefore, selection of K( ) will not be discussed in this paper any more.
Instead attention will be focused on the role played by the parameter h.

Selection of a suitable value (or values) of the bandwidth has remained a very controversial subject even within the community
specialized in the field of statistics. This topic is treated in more detail in Section 3. Before that, it is important to examine other aspects
of KDE that have been the source of some confusion, or that have elicited differences of opinion in volcanic contexts.

2.2 How Suitable are Volcanic Variables to be Analyzed With a Kernel Estimator?

Until now, KDE has been used to characterize vent distributions in zones of distributed volcanism (e.g., Connor, 1987; Connor and
Hill, 1995; Lutz and Gutmann, 1995; Condit and Connor, 1996; Conway et al., 1998; Weller et al., 2006; Jaquet et al., 2008; Connor
and Connor, 2009; Kiyosugi et al., 2009; Srisutthiyakorn et al., 2010; Bebbington and Cronin, 2011; Richardson et al., 2012; Rose et
al., 2013; Cafion-Tapia, 2014; Cafién-Tapia and Mendoza-Borunda, 2014; Bebbington, 2015; Connor et al., 2019; Delcamp et al.,
2019; Jacobo-Bojorquez and Cafnon-Tapia, 2020; Cafnon-Tapia, 2021b; Cafdn-Tapia, 2021c). In addition, KDE has also been used to
estimate rock/mineral compositions and ages of activity (Bevilacqua et al., 2018; Champion et al., 2018; Marzoli et al., 2018; Stock



et al., 2018). Despite this large list of works, there are several aspects embedded in the definition of a kernel that need to be assessed
in the specific situation of vent distribution. Five of those aspects are discussed in this section.
2.2.1 Interpretation of the PDF in the Context of the Physical Origin of Vent Distribution
First, it must be noted that the definition of Eq. 1 is valid for cases in which the N observations are all associated with the same PDF
that will be estimated. While this is relatively easy to constrain in the context of statistical proofs, where the procedure usually is such

that the real PDF is known and the set (or sets) of N observations are drawn from that PDF to test the goodness of the estimator fA, it
is not as easy to be certain that such is the case in the context of volcanic activity. Note that in the previous sentence a distinction has

been made between the real PDF (hereafter referred as F) and an estimation of that PDF referred as fA. Such distinction will be kept
in the remainder of this paper.

Returning to the situation presented by volcanic vents, it might be justified to consider that N vents were produced by the same zone
of magma storage as indicated by Figure 1A. However, by only looking at the position of vents at the surface it might not be
straightforward to say if the observed vent distribution depicts a situation like that shown in Figure 1A (a unique and simple zone of
magma storage), Figure 1B (two independent systems overlapping with each other),or Figure 1C (random fluctuations of a unique
system that extends deeper beneath the surface). In the first scenario (only one zone of magma storage), the location and shape of the
distribution might be controlled by the covering of older vents by younger products, or the lack of enough time to have an adequate
statistical sample of the distribution. In the second scenario (two independent, yet overlapping systems) we need to separate N1
observations from system A from the N2 observations of system B, and only then it is justified to estimate the two independent PDFs.
In the third scenario (one vertically extensive system with random fluctuations induced by reservoirs at shallower depths) it is justified
to consider a mixture of vents emanating from any of the shallow zones of magma storage as part of the same set of N observations
and therefore it is justified to calculate a single PDF that should be related to the whole system that includes the different levels of
magma storage at different depths, but is equally well justified to attempt to isolate at least the most important intermediate depth
reservoirs to gain some insights into the complexity of the volcanic system as a whole. In some

circumstances we may be fortunate to have enough information about the composition of all the vents in the region, so that it is
possible to be certain which of the three described scenarios is more likely. In most cases of volcanic interest, however, we may not
have enough information justifying such a neat separation of vents, and therefore we need to make the analysis considering that there
are at least three alternative scenarios that deserve to be evaluated.

Time is another variable that also needs to be taken into consideration. Its influence, as an independent variable is similar to the
influence of composition of the erupted products. Consequently, in the absence of enough time-related information that justifies
separation of observations in independent sets, the analysis of the spatial distribution of vents needs to be completed taking in
consideration the possibility of the presence of different PDFs within the set of observations. As a result, due to the unknown structure
of the buried parts of a volcanic system, assessing the real number of modes that are significant in one PDF obtained from the location
of vents is not trivial matter at all. Nevertheless, a thorough analysis must remain open to assess several alternative possibilities.

2.2.2 Density, Intensity and Normalized Values of fA A second aspect to be considered from equation 1 is that each f~ is one

estimation of a unique PDF. Due to such a definition, the value offA evaluated at point x is such that it ensures that the integral of the
PDF over the whole extension of possible points where it can be evaluated is equal to unity. To some extent, the whole extension to
be considered depends on the selection of K( ), but in general it will have a stronger dependence on the value of h selected. Thus, in
the strictest sense, the value of fA evaluated at a point X does not have a unique relationship with the density of vents defined as the
ratio of the number of vents divided by the total area occupied by the volcanic system under scrutiny (which remains constant

regardless of the value of h used to define fA) because each fA yields a different fraction at a given point due to the fact that the area to
be considered is adjusted as h changes. The relationship with the density of vents is not constant even if visualized as a limiting value
because the value at a given point tends to either zero or 1/h when h is smaller than the smaller nearest neighbour distance between
any two vents, both of which differ from the constant value defined by the ratio of the number of vents divided by the area occupied
by them.

Thus, to avoid the annoying fact that different values of the vent density can be calculated at a given point, depending on the value

of h used, fA should not be used to quantify vent density in the most intuitive sense of this term. To avoid this type of confusion, the

value offA sometimes is referred to as the “intensity”. As explained by Connor and Connor (2009), despite the apparent similarities



between intensity and density, both parameters are not entirely equivalent to each other. Nevertheless, the use of intensity is equally
problematic because the change of name does not avoid the dependence of h of its calculated value. A much simpler solution seems

to refer to the value of fA at a given point as the probability-density at that point to remark the association of such value with the
statistical origin of the equation used to obtain it. Alternatively, use of normalized values of fA (using as a reference the maximum

value of fA within the zone covered by the observed vents) is a possibility that avoids the need to refer to that number with a specific
physical or statistical sense.

2.2.3 Influence of a Small Number of Observations A third aspect to be considered from Eq. 1 is that even when the definition offA

involves a finite number of observations (i.e., N), it is expected that alternative sets, each of N observations, all drawn from the same
PDF, should lead to the same, or at least very similar estimator of the common PDF. In the context of pure statistics it is possible to
test the goodness of fit of every set of N samples in a straightforward manner because three conditions are satisfied: the real PDF is
known, there is an infinite number of possible observations, and there is an equally infinite number of possible combinations of those
observations to form the many different sets from which the estimator is calculated. In contrast, in a volcanic context the real PDF is
unknown, the number of observations is commonly small, and equally important, there is only one set of observations available to
complete an estimation of any PDF. In other words, none of the three conditions assumed to exist to test the goodness of fit is satisfied.

Thus, not only the estimated PDF might be a poor representation of the real PDF despite the method of selection of the bandwidth
(due to a small number of related observations, or to a biased sampling, for example), but also the difficulty to make reliable tests with
alternative sets of observations is increased because each subset might be even more limited to capture the complexity of the real PDF.
This limitation is inherent to the nature of volcanic activity and cannot be overcome by a bootstrap approach because if true
representation of the real PDF is not reached by a small number of observations, such a representativity will not be reached by any of
the resampled sets. Actually, use of any resampling method might be misleading in those cases because it would provide a false sense
of objectivity that is not justified at all, while simultaneously it might overemphasize some bias on the sampling that could have been
present in the original set.

2.2.4 Independence of the Observations

A fourth aspect that needs to be taken in consideration is that Eq. 1 was defined for the case of a set of observations that are independent
from each other. In most situations of volcanic interest the independence of two vents may not be entirely ensured. Actually, in many
cases two or more vents could have been produced by the same eruption and are associated with a common dyke at depth. In those

cases, the two vents are not independent observations, and therefore do not satisfy the requirements imposed to the set from which fA
is calculated. Another aspect relatively common in zones of distributed volcanism is that each eruption changes the availability of
magma at depth, as well as it might influence the distribution of stresses between the zone of magma storage and the surface. Although
it is difficult to have entire certitude regarding the form in which any eruptive event might change those variables, it can be considered
that in general each eruptive event is likely to exert some influence on the location of the next eruption. In any case, the independence
of the sampling assumed to characterize the set of observations that serve as the basis for the estimation of the unique PDF will not be
fulfilled.

2.2.5 Completeness of the Record

Finally, a fifth aspect worth mentioning is that obliteration of vents due to the most recent eruptions (whether by covering of vents by
the new products or by destruction of those vents during the youngest event) as well as the possibility of the occurrence of eruptions
that do not leave a clear indication of the vent through which the products were erupted (as for example fissure eruptions that leave
feeble traces that are easily eroded or covered by more recent events), also contribute to bring apart the characteristics of the available

observations from those assumed to characterize the set of N observations from which fA will be estimated.

2.2.6 Implications of the Disparity Between Assumptions and Observations

The arguments presented in this section show that the most common situations of volcanic interest are likely to involve observations
that may not satisfy the assumptions for which KDE was conceived. Under those circumstances it is worth to question if it is adequate
to complete any analysis of vent distribution using this method. An answer to this question is better postponed until the role played by
the smoothing factor has been discussed, and a few illustrative examples have been examined.



3 ESTIMATORS OF THE BANDWIDTH

After deciding which kernel function K( ) will be used to calculate fA, it is necessary to decide a value for the parameter h in Eq. 1. The

specific choice of K( ) determines the form in which h influences the calculated fA as well as the numeric range within which h can be
chosen. For example, Cafion-Tapia (2013) showed that Fisher and Gaussian kernels display the exact opposite effect of the calculated

fA as h is increased; also it was shown that the numerical range of h is entirely different for each kernel. Despite those differences, it

was also shown that identical fA s can be obtained with both kernels if suitable hs are used in each case. Thus, although the choice of
K() may not be very large, in order to examine the influence of h it is important to restrict attention to only one type of kernel function.

Thus, to facilitate the discussion, hereafter all calculations will be made with reference to a univariate Gaussian (or normal) kernel.
Upon this selection of K( ), Eq. 1 takes the form:

M xy 2 niNh1 avnexp- 12_ dhi (2)

It must be noted that on Equation. 2, f* is evaluated at points with coordinates (x, y). Thus, the i-th observation (volcanic vent) has
coordinates (Xi, Yi), and is at a distance di from the evaluation point. There are no prescribed units of h, but those units must coincide
with the units used to express the separation between vents and evaluation points (i.e., di). Coordinates for the vents and evaluation
points can be latitude—longitude pairs, in which case distances must be calculated using as a reference a sphere of radius equal to
6,371 km, or another suitable ellipsoid to avoid the effect of curvature of the surface of a planet. If coordinates are given in other
systems that already incorporate the effect of the curvature of the surface of the planet (e.g., UTM) the distances can be calculated as
they would be in a Cartesian plane, and h can be expressed in either m or km, as deemed convenient.

It is remarked that even when the observations and evaluation points are represented as points in a plane, equation 2 is not strictly

bivariate. Indeed, it requires only one variable (the distance between two points) for the calculation of fA. A truly bivariate form of Eq.
2 can be constructed, but in this case h is not longer a scalar. As explained by Wand and Jones (1993), in a bivariate version of Eq. 2

there can be between one and three independent smoothing parameters that are incorporated as elements of a 2 x 2 matrix. One element
is a smoothing factor along the x direction, another element is the smoothing factor along the y direction and the off-diagonal elements

on the matrix are equal to each other and allow the resulting fA to have axial orientations that are not parallel to the x or y directions.

In those cases, if the h-matrix is visualized as representing sample variances, the off-diagonal elements can be visualized as
proportional to the covariance between the x and y variances. Other changes to Eq. 2 are required to fully incorporate the effect of

increasing the number of dimensions (variables) for which fA will be calculated. Nevertheless, the main principle behind Eg. 2 remains

unaltered. Consequently, even when attention will be mostly focused on the remainder of this work on examining the effect of h in
the univariate kernel represented by Eq. 2, the conclusions remain valid for the fully bivariate kernel, and actually for any kernel
applied to higher dimension cases.

In those situations in which the real PDF from which the N observations have been drawn is known (that we should recall has been

referred as F), it is reasonable to determine which of the various estimators of fA (each obtained with a different h) is the one that better
approximates F. The most common approaches to address that issue involve the determination of the difference between the known F

and fA, or the square of that difference. Arguments in favour and against the use of the Integrated Square Error (ISE), the Mean

Integrated Square Error (MISE), or the Asymptotic Mean Squared Error (AMISE) as a measure of the difference between F and fA
have been proposed (Jones, 1991; Jones et al., 1996). Other criteria examined also include the Mean Squared Error (MSE), the
Asymptotic MSE (AMSE) and the Sum of the AMSE (SAMSE) (Wand and Jones, 1994; Duong and

Hazelton, 2003). In addition to the criteria used to characterize the error, many different approaches have been proposed to minimize
those measures of error. The most common methods include variants of Cross-Validation (Least squares, Biased, Smoothed, etc.),
variants of Plug-in (Park and Marron, Implemented refined, Bootstrap, etc.), mixing and many other alternatives (Heidenreich et al.,
2013). The list is so large that Heidenreich et al. (2013) counted more than 30 bandwidth selection methods, and probably some more
have been added since that time. This count relates to bandwidth selectors of univariate kernels. If the methods extend to include
bivariate kernels, the number of selectors is even larger. The problem then resides not so much in having one method for the selection
of an “optimal”, “objective” bandwidth, but on deciding which method should be chosen (Duong, 2007).



Many comparisons of bandwidth selectors (hereafter referred only as selectors) have been made (Heidenreich et al., 2013;
Schindler, 2011; Turlach, 1993 and references therein). Invariably those works have concluded that it has not been possible to find
one selector that uniformly performs better than all alternatives when a variety of complex Fs are considered. In practice this indicates
that the selector adopted in one situation may or may not have been the best choice, depending on the real F that was under study. In
other words, the only possible form to be certain that the selector is the most adequate for the F that needs to be characterized is to
know F before making that study. Thus, from a pragmatic point of view it is worth to question, if F is already known, therefore allowing

us to calculate very precisely the error of a particularfA, what is the utility of the calculation offA? Furthermore, if F is already known,
why should we embark in a series of complex calculations to select only one value of h, that may or may not produce a truly significant

fA, depending on the selector of choice? Similarly, if F is not known with certainty, how can we be certain that a particular fA is not
significant for the case at hand?
Evidently, it can be argued that any unbiased estimation of h is preferable over a subjective selection of a single h because it should

lead to a more robust (stable, reproducible) estimation of fA, and even when that fA may not be an exact determination of the real F, its

robustness justifies its selection. Another argument can also be raised in the sense that adoption of the most stable selector increases
the possibility of adopting an h that is closer to the real F than the selection of a random h based on purely subjective biases. Although
these arguments are not devoid of certain allure, a thorough scientist is likely to ask for more evidence that proves that indeed the real
F is better approximated by what is considered to be at that moment the most stable selector. Unfortunately, if the real F is unknown,

- - - A - - - -
any argument claiming that a given f is close or far from it results speculative in essence.

To avoid discussions concerning how close a given fA might be to an unknown F, it might be convenient to address the issue in a
slightly different form. To begin with, it is necessary to realize that trying to decide whether a method for the selection of h based on
the AMISE approach is better than one adopting a MISE or SAMSE approach might become a sterile discussion if all the selectors
ultimately lead to similar values of h. On the other hand, if different methods lead to very different estimates of h, the discussion of
which method should be adopted takes a greater relevance and can be approached from a different perspective. Thus, from a pragmatic
point of view, it seems more illustrative to establish to what extent, if any, the selection of the method influences the value of h that is

to be inserted in Eq. 2, and most importantly how different are the variously calculated fA s.

An indication that the method used to select an “objective” h exerts a large influence on the calculated fA is provided by Duong
(2007). As shown in Figure 2, the range of possible f s that can be calculated, each with a different h resulting from one specific

selector, is particularly large. Although all the fA s coincide in identifying a distribution that is elongated in a NW-SE direction, some
suggest an elliptical, unimodal distribution, while others indicate bimodality, three main modes, and even a fourth detached mode in
the NW corner of the area of study. It is important to remark that the differences amongst the various panels of Figure 2 sometimes
represent minute differences in the method employed to select the “optimal” h. For example, all three panels on the left column were
obtained with a Plug-in selector that used a SAMSE approach, differing only on the form in which the data and the covariance matrix

s . A .
are used within the selector. Even so, the estimated f s can variously have one, three or four modes.

The variability of possible results shown in Figure 2, all of which can be claimed to have been calculated in an “unbiased and
objective form” indicates that deciding which selector is used turns out to be a subjective choice that includes several assumptions
concerning the form in which errors should be handled (MISE, SAMSE, etc.), and even about the specific form of the distribution that
underlies the observed group of vents. Thus, whether knowingly or not, the choice of a selector for the bandwidth, and consequently
the resulting selection of just one h, are prone to bias. The cumbersome procedure followed and the involvement of a measure of error,
however, contribute to disguise such subjective decisions behind an apparently objective choice.

Another important aspect of the results shown in Figure 2 is that there is no form that an outside observer could decide with 100%

certainty which fA is more accurate (or has less error), because such observer does not know if the real F is unimodal, bimodal, etc.
Thus, if a truly unbiased selection of h is to be made where a complex F is expected, as is probably the case in situations of volcanic
interest, it would be necessary to test a variety of selectors, all of which claim to be entirely “objective”. The prospective of having to
compare the results of a number of bandwidth selectors to decide which is the “more objective”, or the “less biased”, is not that
different from the exploratory approach for the selection of h. This approach consists of choosing different values of h to visually

inspect the resulting fA s (Silverman, 1981). Based on that inspection, a decision can be made about which h is deemed more

appropriate, if any. The last remark is important because upon inspection of several estimates of F it might be concluded that more
than one h is required to reveal various features of the underlying distribution. Thus, the exploratory method is more akin to the idea
of multiple working hypothesis than it is to the uncompromised acceptance of a unique ruling theory (Chamberlin, 1897).



The exploratory approach has been deemed as very dated, also implying that it is undesirable because of its propensity to be affected
by a subjective bias (Connor et al., 2019). Nevertheless, as discussed above, due to the diversity of alternative methods for the selection
of h, and due to the striking differences that can be obtained from the adoption of even apparently similar methods for that “unbiased”

selection, it cannot be asserted that use of a complicated selector is entirely devoid of biases. All things considered, perhaps the only
difference is that when the

FIGURE 1 | Cartoons of three possible scenarios in a region of distributed volcanism and their associated probability density distribution (PDF). In all three scenarios the upper
part shows alternative PDFs (solid, dashed or grey lines) and the lower diagram show vents (triangles), zones of magma storage (ellipses) and conduits allowing the vertical
transport of magma (lines). The PDFs could be normalized or not, so the vertical axes are (Continued )

FIGURE 1 | left without a label to accommodate both alternatives. (A) All vents are related to one zone of magma storage. Kurtosis and skewness of the distribution (solid
line) might be related to inadequate sampling (older vents covered by younger products or immature field not having time to erupt a large enough number of vents). (B)
Two overlapping zones of magma storage. Each zone of magma storage produces its own unimodal PDF (solid lines), but they overlap in the central parts of the figure. The
shallow zone of magma storage has a PDF with a negative kurtosis and a positive skew (black line), whereas that of the deeper zone tends more to normality, with a slight
positive kurtosis (grey line). The dashed line shows a possible combined PDF. (C) a vertically extended zone of magma storage with multiple shallow subsystems. It is uncertain
which subsystems have been sufficiently sampled to yield their own PDFs with well-defined characteristics (dashed lines), and which have not. The overall tendency is
towards a unimodal PDF (solid line) that reflects the influence of the deeper zone of magma storage, albeit with some noise introduced by the shallower features.
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FIGURE 2 | Six examples of PDFs calculated with different selectors as indicated on top of each panel. The panels were selected among the examples presented in
Figure 2 and Figure 3 of Duong 2007.

exploratory approach is adopted the subjective choices are onthe  or subconscious) of the analyst. In consequence, given the fact
first plane whereas when an arbitrary selector is favoured the  that subjective decisions are always involved in the selection of
subjective choices are hidden behind the expectations (conscious  either a value of h directly, or through the selection of a method



to obtain a supposedly “optimal” h, the merits of the exploration
approach should not be dismissed without further examination.
In summary, in this section it has been shown that unless the
real distribution from which the vents have been drawn, F, is
known with 100% accuracy, it is not possible to decide in an
unbiased form which value of h needs to be chosen to minimize

the error between the estimated fA and the real F. If all things are
considered, in a thorough study it is necessary to compare the
results of different selectors to ensure that a really significant h is
identified. From a pragmatic point of view, it seems much
simpler to eliminate the middleman by examining directly

several fA s obtained with a diversity of values of h. This
approach is further explored in the following section.

4 CALIBRATING THE METHOD IN VOLCANIC
CONTEXTS

The theory discussed in the previous section is applied to a few
case studies in this section. Thus, in this Section | present the

results of the various fA s calculated with various selectors
available in  the environment R available at
https://www.rproject.org/. Vent locations from three different
zones of volcanic interest were used as input to calculate the

corresponding fA s. Each of the three zones was selected because

there is enough information supporting identification of several
key features. Previous geological knowledge about those zones
is as close as we can get at this time to knowing the real F. In
each of the following subsections several aspects concerning the
volcanic systems that should ideally be identified or at least
suggested by an analysis of volcanic vent distribution are

described before presenting the corresponding fA s. Thus,

evaluation of the predictive power of the analysis can be made in
base of the features that can be identified on each of the

calculated fA s. It is important to remark that those features have

been established from the geologic studies of those zones, and
therefore their validity does not depend in any form from the
interpretation of the results of vent distributions. Actually, it is
precisely because those features have been established from the
geology that they can serve as the reference against which the
predictions of the kernel method can be compared.

Although there is a large number of selectors that have been
advanced in the literature, it is beyond the purpose of this work
to make an exhaustive comparison of all of them. Furthermore,
as many of those selectors might require access to very
specialized programs or to algorithms that might not be easily
accessible for the bulk of the geoscience community, the
comparison of selectors presented below was restricted to only
five. The five selectors included are those available in the generic
function “density” of the R environment. These options include
nrd0 and nrd which are the rule of thumb proposed by Silverman
(1986) and its variation as proposed by Scott (1992),

respectively; ucv and bcv, which are unbiased and biased cross-
validation methods and sj corresponding to the selector presented
by Sheather and Jones (1991). Despite the limited number of
selectors presented here, the results serve to illustrate the
variability that might characterize the use of different selectors,
and therefore suffice to illustrate the main aspect highlighted in
the discussion.

All the vent locations used are in Latitude-Longitude pairs,
but these are not directly inserted into the functions available in
R, which is designed to deal with Cartesian coordinates on a
plane. Thus, to avoid issues related to the distortion associated
with the shape of the Earth, Latitude-Longitude pairs were
converted to UTM before using the density function in R. The
resulting hs were then converted to km to produce the diagrams
shown in the following sections.

4.1 Mauna Kea, Hawaii

Mauna Kea volcano is one of the five shields that form the Big
Island of Hawaii. Its development has followed the same general
trends as other Hawaiian large shields, but Mauna Kea is
characterized by the presence of a large number of cinder cones
along its slopes and close to the summit. Porter (1972) and Wolfe
et al. (1997) described the distribution of cinder cones atop
Mauna Kea volcano, grouping them in three rift zones, each
separated from their neighbors approximately by 120° of arc. In
addition to those three rifts, Porter (1972) also mentioned a
summit group, and other arcuate or aligned groups randomly
located on the slopes of the volcano at various altitudes.
According to Porter, some of these linear groups were almost
perpendicular to the radial southeast rift, and therefore
contributed to diffuse the boundaries of the radial zone,
especially in the East. In other words, based on the geology of
Mauna Kea volcano it is clear that not all the rift zones are
equally developed. The radial East Rift is the best defined of the
three near the summit, whereas that on the northeast is the least
developed. Still, even the Northeast Rift zone gives a sense of
elongation radial to the summit. Most complications are found
on the Southeast Rift zone, closer to the base of the larger edifice.

Most of the cones on top of Mauna Kea belong to the
Laupahoehoe stratigraphic group, and therefore can be
considered to represent examples of coeval activity. Although no
claim is made in this work in the sense that all the cones were
produced during the same eruption, the relative similarity in age
of the cones at least justifies an interpretation in the sense that the
ambient regional-tectonic stress should have remained relatively
constant. In any case, a distinction based on general composition
or age is not granted.

Thus, the things that can be expected to be revealed by an
analysis of vent distribution on top of Mauna Kea volcano
include: 1) Definition of the three main rifts and the summit
groups, 2) Definition or hints about other arcuate groups, and 3)
evidence suggesting that all of these vents belong, or at least can
be related to one larger system that feeds a central conduit as well
as the flank eruptions that formed the three main rifts.


https://www.r-project.org/
https://www.r-project.org/

The location of eruptive centers on top and around Mauna Kea
were obtained from GoogleEarth, and saved as a MATLAB file,

together with a hill-shadow image and georeferenced cell.
TABLE 1 | Optimal bandwidths (in km) selected with five different methods for three
areas of distributed volcanism.

Mauna kea San rafael Washington cascades
nrd0 1.9 3.7 8.1
Nrd 2.3 4.4 9.5
Ucv 0.9 0.7 5.8
Bev 2.5 4.7 6.2
Sj 1.7 23 5.7

The image was produced by using a section of the SRTM
larc_v3 geotif image downloaded from the USGS EarthExplorer
server that includes the topography of most of the Big Island. A
total of 242 vents were used on the analyses.

The range of h yield by the various selectors goes from 0.9 to
2.5 km (Table 1). As shown in Figure 3, the largest “optimal” h,
obtained with the bev method (Figure 3E), highlights the presence
of one large system that has two main subsystems, and probably
a third, small one in the southwest corner of the figure. Two of
the rift zones can be suspected from the position and shape of the
two main subclusters, but the definition of a third rift is not
entirely clear. Also, the summit group is not visible at all. In
contrast, the smallest “optimal” h, obtained with the ucv method
(Figure 3D) allows an immediate identification of the three rift
zones and of the summit group. In addition, several groups
located mainly on the outskirts of the main edifice are also
visible, and distinction of the character of each of the three zones
is easy to infer. Nevertheless, this small h does not convey very
effectively the sense that all of the various clusters are related to
one larger system. In particular, isolated clusters of low
probability density on the outskirts of the main edifice fail to be
integrated into one larger system. From the intermediate hs, the
one obtained with sj (Figure 3F) leads to an f* that is close to that
of the ucv (Figure 3D), but without as much resolution, especially
in what refers to the arcuate, secondary rifts. The other two
methods (Figures 3B,C) are closer to the broad resolution offered
by the bcv selector (Figure 3E).

In summary, the ucv method (Figure 3D) provides the most
complete information in this case, but even so, it fails to convey
the idea of a unique larger system. All the other options convey
that message of a unique system but lack enough resolution to
allow clear identification of its main features. It is remarked that
none of the calculated hs leads to erroneous interpretations.

4.2 San Rafael Volcanic Field, Colorado

The San Rafael region, Colorado Plateau (western United States)
provides a good example of a zone of distributed volcanism
where dykes are not associated with a single, central conduit, and
where the spatial relationship between dykes and volcanoes can
be observed directly at the surface due to the effects of erosion.
In this work | used the locations of 62 conduits identified by
Kiyosugi et al. (2012). Based on the measurements made in the
field by those authors, it is well documented that the dykes have

a preferred orientation along a NW-SE direction. Also, based on
the described field relations it is clear than many vents have a
direct relationship with the larger sills identified in the field.
Thus, the things that can be expected to be revealed by an
analysis of vent distribution in the San Rafael area include: 1)
The most prevalent association that exists between vents and the
larger sills, and 2) the regional orientation of stress as indicated
by the orientation of dykes and/or sills.

The range of h yield by the various selectors goes from 0.7 to
4.7 km. As shown in Figure 4, the largest “optimal” h, again
obtained with the bcv method (Figure 4E), suggests the presence
of one roughly elliptical zone of influence with a general NE-SW
orientation and two subclusters that loosely coincide in location
with the foci of the rough ellipsoid. In contrast the smallest
“optimal” h, again obtained with the ucv method (Figure 4D),
yields a large number of local maxima that correspond to
independent clusters of small dimensions, some of which
actually enclose only one or two of the individual volcanoes.

Two of the remaining fA s are very similar to that associated with

the bcv method. The f* associated with the sj method ((Figure 4F)
allows identification of two main groups, each with characteristic
orientation and shape, plus another two smaller sections that tend
to have some independence from the largest two. In this case, the

three fA s, associated with the larger estimates of h tend to yield
incomplete and misleading information relative to what is
observed in the field. In particular, the NE-SW orientation and
connection between the only two maxima in the distribution is an
artifact resulting from the neighbourhood of the two main
clusters, each with its own field-supported orientation. This is

clearly observed on the fA associated with the sj method (Figure

4F), where the Northeast group is clearly elongated on the N-S
direction, while the Southwest group has an E-W elongation.
Also, the position of one of the smaller magnitude maxima at the
SW corner contributes to the elongation of the main,
oversmoothed feature obtained with larger hs. The f* associated
with the ucv method (Figure 4D) provides little more information
than it would be obtained if only the vent locations were
examined. Thus in the San Rafael region the sj method yields an

fA that contains accurate but incomplete information about the

volcanic system. All the otherfA s are prone to results that are at
odds with the exposed part of the field.

4.3 Washington Cascades

The segment of the Cascades located between Mount Rainier and
Mount Hood includes a large number of volcanic vents, some of
which are large stratovolcanoes and some of which are small,
monogenetic cinder cones. A general description of the area is
provided by Hildreth (2007) and details of each of the groupings
identified can be found on the references therein. From a tectonic
point of view volcanism can be divided in three main groups.
These include the main axial belt (from Mount Hood to Bumping
Lake), a fore-arc section and a back-arc section. The axial belt



may be subdivided in three or four sections, each dominated by
a larger structure that also comprises several smaller vents. The
larger structures in this belt are Mount Hood to the south, Mount
Adams in the middle and Goat Rocks to the north. A less
prominent structure is Jennies Butte, located between Mt Adams
and Goat Rocks, slightly off axis towards the back-arc region.
The fore arc section can be also divided in four to seven groups,
depending on the emphasis made on the distribution. The main
groups in the fore-arc are Mt Rainier to the north, Mt St
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Helens, Indian Heaven and a zone of diffuse volcanism. The zone
of diffuse volcanism itself can be considered to be formed by

three distinctive groups (Portland, Wind River and Blue Lake).

Finally, the back-arc region is composed by vents of the Simcoe
Mountains that may have a north -south division based on the age
of the vents. The identification of groups in this area proved to
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be elusive when out-of-the box clustering methods were
employed in isolation. Nevertheless, when the results of several
of those methods were combined to define common group
associations, the main geological divisions could be identified
(Cafidon-Tapia, 2020).

The things that can be expected to be revealed by an analysis
of vent distribution in this area include: 1) the presence of the
most important groups of vents, 2) the North- South orientation
and/ or distribution of some of those groups, especially in the
arcsection, and 3) the different character of the various groups
that can be identified. The location of the vents used in this case
is the same as that used in a previous report (Cafion-Tapia, 2020).

The range of h yielded by the various selectors goes from 5.7
to 9.5 km. As shown in Figure 5, the largest “optimal” h, obtained
with nrd method (Figure 5C), suggests the presence of five
clusters, two of which are much more prominent than the other
three. The two prominent groups have different orientations, and
those two orientations are also reflected on the independent
orientations of the less prominent groups. The location of the
groups roughly coincides with the location of five of the known
groups: three in the center of the map (Santa Helena, a
combination of Indian Heaven-Mt Adams, and Simcoe
Mountains), and two on the south (Portland area and Mount
Hood). All of these groups are still visible, and actually better

defined, on the fA associated with the smallest estimated h

(obtained with the sj method, Figure 5F). In particular, the shared
Indian Heaven-Mount Adams group is clearly formed by two
semi-independent maxima, both with a predominant N-S
orientation. Also, the Portland area is divided in two zones
roughly corresponding to the Portland and Wind River groups.
In this diagram it is also more evident the presence of an
elongated group that extends north and south of Mt Adams, as
well as another small group in the position of the Blue-Lake field.

None of the diagrams provides enough information suggesting
a possible east-west distinction between fore-arc, arc and back-
arc settings. Also, none of the diagrams shows all the main
groups with clarity. Furthermore, somewhat misleading
information about the expected groups is provided by several
diagrams, especially when the fore-arc is fused in the same group
as the arc volcanoes.

5 DISCUSSION

5.1 Is There a Better Bandwidth Selector?

As it has been the case when different selectors are compared to
each other within the parameters of statistical theory, none of the
selectors examined above yield consistently better results than all
its competitors. For the case of Mauna Kea the more complete
image of the volcanic system was conveyed by the ucv selector,
whereas in the San Rafael case the less ambiguous image was
provided by the sj selector. In the case of the Washington
Cascades none of the selectors did a good job in capturing the
complexities of the region. Numerically, the range of bandwidths
was ample in all three examples, and none of the selectors

systematically yields the smallest or largest value. Perhaps more
importantly, while in the Mauna Kea case all the selectors convey
an incomplete but correct image of the volcanic system, some of
the selectors lead to wrong conclusions in the San Rafael
example. Also, ambiguous information is conveyed for the case
of the Washington Cascades. Thus, albeit reduced in number,
these three examples indicate that there is not a better selector
that can be used in each and every case of volcanic interest.

5.2 Alternatives to Bandwidth Selectors

Although it can be argued that the sj method was relatively better
because it provided somewhat reliable information in all three of
studied locations, it is also clear that the information provided by

the corresponding fA s was not complete from the geological
point of view in any of those cases. This is consistent with the
conclusion reached by Bebbington (2013), the sense that some
estimators might be more robust at the expense of missing useful
information. Certainly, it is the prerogative of every researcher
to be as limited as she/he wants to be, and was this the only option
available, it would not be an unreasonable one. Nevertheless, as
shown next, a thorough investigation that benefits of not missing
useful information is also possible.

Table 1 summarizes the values of h that were found by each
selector in each of the three scenarios examined. As shown in the
Table, the difference between the largest and smallest value of h
does not depend in a simple form of neither the number of
observations or the size of the area of study. Also, the largest,
smallest or middle values of h are not consistently related to a
particular selector. Consequently, it is almost impossible to
identify a universal rule to decide which selector is the more
appropriate for all type of volcanic scenarios, or even if one
selector is likely to yield a bandwidth that is smaller, larger or
intermediate in relation to other selectors. Based on the
descriptions provided in the previous section, however, if instead

of focusing attention on only one fA, all the range of estimated fA
s is examined, almost all of the relevant features of each of the
three regions will be identified. To make this feature clear,
Figures 6-8 show a progression of fA s obtained with increasing
values of h for the Mauna Kea, San Rafael and

Washington Cascades cases, respectively.



As shown in Figure 6, the structure of the three main rifts, the
central summit group and the areas where the SE Rift is
complicated and intersected by other zones of linear volcanism
are more clearly defined in the fA obtained with h = 0.5 (Figure
6A). The presence of the groups at the skirts of the main edifice

are well defined in the fA sof h=0.75and 1 km (Figures 6B,C,

respectively). h = 2 km and h = 6 km (Figures 6E,F) emphasize
the nearly circular distribution of all of the vents, coinciding in a
horizontal dimension almost perfectly with the outskirts of the
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FIGURE 6 | Sequence of PDFs used for exploration of the main features of the PDFs associated with the vent distribution of vents atop Mauna Kea volcano.

main edifice. Similarly, in Figure 7 the sequence of fA s shown
includes the “optimal” range, extending it a little to either larger
and smaller hs than allowed with the predefined selectors. While
the larger end emphasizes the spurious ellipsoid with a NE-SW
orientation (Figure 7F), the whole progression of diagrams allows
to identify such feature as a possible artifact of the form in which

the various fA s are calculated (i.e., an artifact of the method of

study), because it allows to see the progression between the
several maxima as they appear or are split. Also, the smaller h

B h=0.75 km

200°N 7

19.9' N
198 N[

197N F .




Cafién-Tapia Are Kernel Bandwidth Selectors Accurate?

shown (Figure 7A) reinforces the independence of several of the
groups; independence that can be confirmed to be related to the
presence of sills as identified in the field. Finally, for the case of

the Washington Cascades, the sequence of fA s again extends the
range of “optimal” h on both ends. The larger values of h (Figures
7E,F) reveal spurious f~ s that nonetheless become suspect of
being an artifact of the method when the complete sequence of

fA s is examined because of the form in which the maxima are
split over that sequence (jumping from one location to another).
At the other extreme, the smaller values of h (Figures 7A,B) help
to identify three main zones in an East-West direction on the
maps, passing from an independent Simcoe Mountains
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group to a clearly elongated N-S array and a more diffuse set of Thus, Figures 6—8 show three important facts: 1) the range of groups
to the west, some of which also seem to have a “optimal” h’s (i.e., those defined by using one of the “objective” predominantly N-S
orientation. selectors”) not always captures the entire set of interesting
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FIGURE 8 | Sequence of PDFs used for exploration of the main features of the PDFs associated with the vent distribution of vents on the Washington Cascades.

features of a region, but a wider range does, 2) the examination of =~ might be more an artifact of the combination of two



the sequence of produced fA s allows identification of some of the neighboring groups, each having a distinctive orientation that

spurious associations by establishing that some orientations does not correspond to the orientation of the fA that yields a

unique maximum that combines them, 3) examination of the
sequence helps to reveal some details that are otherwise lost

A - -
when only one f is examined.

5.3 Is the Volcanic Case Very Special in Nature?
The results reported above illustrate that there is no “golden rule”
to select one specific value of h. The existence of alternative
statistic or probabilistic formulations making impossible the
selection of just one model is not unique to the specific case of
the KDE method examined in this work, but it is a common
feature in many natural sciences. This has led to different
approaches to deal with the uncertainty associated with the
different models, and even has been referred to as the “range of
technically defensible interpretations” (Ake et al., 2018) or the
“extended expert’s distribution” (Marzocchi and Jordan, 2014).
Furthermore, the different forms in which the existing
information needs to be approached is at the heart of the general
discussion that exists between the frequentist and Bayesian
approaches and the different types in which various workers
classify and handle different sources of error (Friedl and
Hoérmann, 2008; Marzocchi et al., 2021; O’Hagan, 2008). Thus,
the specific problem of bandwidth selection with the kernel
method is not exclusive of the volcanic context explored in this
paper, but forms part of a wider context within the fields of
probability and statistics. As it will be discussed next, which of
those perspectives is adopted exerts some influence on the
interpretations of results.

5.3.1 Probabilistic vs. Statistic Approach to Vent Distribution
From the perspective of hazard analysis (probabilistic in nature)
it may not be important to know which of the existing systems in
a region are those active at present, and depending on the
information available it might be possible to focus attention on
only a single PDF arising from a mixture of several processes.
Nevertheless, if the objective of the study aims to infer clues
concerning the physical structure present beneath a zone of
distributed volcanism (statistic in nature), it might be more
informative to examine the whole sequence of PDFs rather than
trying to extract information only from one of those diagrams. In
particular, it must be noted that the sequence of diagrams
produced with increasing values of h follows an order that
ultimately is controlled by the underlying structure. Such order
is not random, and it is directly related to the specific situation
that is under examination. In other words, the whole sequence of

fA does not allow the analyst to “see what the analyst want to see”

because the patterns that can be inferred from each sequence
would not justify conclusions that belong to any of the other
cases. For example, it is not possible to consider the existence of
three rift zones joined in the centre of one system in neither the
San Rafael or Washington cases, and it is also unjustified to

identify a unique linear array in either the Mauna Kea and San
Rafael cases. Consequently, even if it is possible that some
subjective judgement could enter the interpretation of a sequence

of fA s, those subjective assessments are unlikely to lead to wild

guesses. At worst, they could lead to educated guesses that can
be considered as hypothesis worth exploring either by including
other already available sources of information or as a justification
to prepare a grant request to obtain those additional sources.
Indeed, some of those hypotheses might prove to be wrong when
the additional information becomes available, but at least on
those cases that particular hypothesis would have been tested.
On the other hand, if one encounters a situation in which only

one fA is considered as valid, and such fA turns out to convey
some misleading information, then not only the possibility of
testing alternative hypotheses would have been lost, but also the
beginning of the enthronement of wrong hypotheses would have
been initiated. As shown by the examples of the San Rafael and
Washington areas, some of the “optimal” estimators might lead
to situations like this.

5.4 The Role of Experts’ Judgment
Another criticism that has been made to the exploration of

several fA s is that relying on expert judgement to choose the

appropriate h is a dated approach. This appreciation of the
method is irrelevant because old approaches or methods are not
necessarily incorrect or obsolete. Should this be the case,
calculus would be entirely obsolete because it was developed by
Leibniz and Newton around 300 years ago. Similarly,

- . . A
conclusions reached on the basis of the exploration of several f

s are often criticized and rejected on the basis of a lack of
“objectivity”. Several forms to deal with those issues have been
discussed in the context of forecasting natural hazards by
Aspinall and Cooke (2013). Here | examine those issues to the
light of a more general issue.

The convenience of learning to work with multiple hypothesis
was formalized more than 100 years ago by Chamberlin (1897).
As explained by Chamberlin, learning to work with multiple
hypothesis promotes less inclination to misapply evidence and to
more caution in drawing conclusions. The validity of that
assertion is such that those ideas were reprinted half a century
after they were first issued (Chamberlin, 1965), and it might be
worth reprinting them once again to remind the new generations
of scientists that attachment to a ruling theory not always is the
best approach. Consequently, in line with the approach of
multiple hypothesis, it is considered here that a thorough

examination of a range of possible fA s is preferable to the

commitment to only one of those estimates based in a selection
of a method that might not even be applicable to the case under
examination.



It is worth emphasizing that in the particular case of the
analysis of spatial distributions of vents it is not suggested that
each and every fA produced should be considered as an

alternative hypothesis. This possibility not only would require
the examination of an impossibly large number of diagrams, each
produced with minute variations of h, but it also would imply that

each fA is independent from the others. As shown by the
examples of the three locations examined above, the interest on

the examination of a sequence of fA s is not so much oriented to
isolate and select only one of those diagrams. On the contrary,
the main interest resides in the role that such an examination
plays as an aid to appreciate the relationship that exists between
the different maxima as h progresses. Indeed,



some fA s may display some features more clearly than others,
but it is also possible than different features of the system are
highlighted at different values of h. Thus, the examination of a
sequence of diagrams might lead to the selection of more than

one fA, each serving as the basis to formulate specific hypotheses

about the distribution; hypotheses that might apply to different
parts of the same region or involve different scales of
observation, but that nonetheless might be related to a single
volcanic system. The power of the method therefore resides not
so much on its confirmatory character, but on its ability to
provide a structured approach upon which different scales and
possibilities can be assessed. Actually, it is such variety of
information that might feed the expert’s opinion concerning
which hypothesis are worth pursuing in a given region.

6 CONCLUDING REMARKS

As pointed out by Chamberlin (1965) investigations often
proceed on the presumption that there is a definite process
through which all results are of maximum excellence, and
therefore the question of ‘what is the best method?’ is more often
asked than ‘what are the special values of different methods, and
what are their several advantageous applicabilities?‘. This frame
of mind clearly promotes the point of view that problems often
arise when assessment teams do not understand how to execute
a specific method, when in reality there might not be errors, but
only differences in opinion about the outcomes of different
methods. Furthermore, in many cases it is implicitly assumed that
the selected method of study is well conceived for the purposes
of a specific application, which as shown in section 2, may not
be always the case for KDE in many volcanic contexts.
Nevertheless, as shown by the examples of section 4, the
examination of a sequence of PDFs can provide enough clues to
assess which of the conceptual situations depicted in Figure 1
seems better suited to describe a particular situation, or at least
can be used to formulate better informed hypothesis that can be
used to guide future studies in a region.

This approach has been well recognized in the context of
inferential analysis on some branches of Earth sciences (e. g.,
Budnitz et al., 1997), but is not commonly appreciated in the
context of statistical applications.

Thus, in parallel to this conceptual issue, throughout this work
it has been shown that there is a large diversity of “unbiased” and/
or “objective” estimators that can be used to select a single value
of h that in turn can be used to produce a single estimator of the
real PDF associated with a group of vents within a mainly
statistical approach in mind. Because the real distribution of
vents is a priori unknown, the range of “optimal” hs is not well
constrained. Because some methods of estimation of h work

better with some types of distribution than others, and also
because we ignore the real distribution when examining the
location of vents, the only form to be thorough in our analysis is
to use more than one method to estimate h. In so doing, we are
not far from adopting the exploratory approach in which a range

of hs is used to produce a sequence of fA s, all of which are

considered of some relevance. Examination of the complete
sequence commonly provides clues to assess some aspects as

probably spurious. Additionally, examination of a sequence offA
s is the only form to be sure that an analysis is not limited by the
assumptions inherent to a theoretical-statistical point of view that
may not correspond to the particular geologic-tectonic-volcanic
situation under examination. Although in many cases it is
probable that limiting the analysis to only one value of h may not
be misleading, it is impossible to be sure if that is the case
because, after all, we do not know for certain the real distribution.
Consequently, despite the intentions of the researcher, any study
that is based in only one h obtained by resorting to only one
method of estimation, runs the risk of not only missing important
information, but also it may even yield misleading clues
concerning the physical characteristics of the volcanic system
under examination.
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